Stars with an initial mass more than ∼ 25 M are thought to ultimately become black holes. Then stellar-mass black holes should be ubiquitous but fewer than 20 have been found in our Galaxy to date, all of which have been found through their X-ray emission. In most cases these are soft X-ray transientslow-mass X-ray binaries whose optical counterparts are late type stars filling their Roche lobes, leading to accretion onto black holes. In one case, the stellar-mass black hole is in a high-mass X-ray binary whose optical counterpart is an early type star. Its strong stellar winds are accreted by the black hole, producing Xray emission. It follows that X-ray-quiet stellar-mass black holes exist in wide binary systems. The discovery of black holes in the optical through their gravitational interactions would be a major scientific breakthrough. Recent space-based photometry has made it possible to measure phase or frequency modulation of pulsating stars to extremely high precision. Such modulation is caused by orbital motion, and its analysis offers the lower limit for the mass of the companion to the pulsating star. If the companions are non-luminous and if the masses of the companions exceed the mass limit for neutron stars (∼ 3 M ), the companions should be black holes. We review the methodology, and analyses of some encouraging cases are demonstrated.
Introduction
It is thought that stars with an initial mass more than ∼ 25 M ultimately end their lives as black holes. Though the mass thresholds are dependent on the metallicity of the stars and are currently uncertain, stars with an initial mass in the range of ∼ 25-40 M are expected to form black holes following a supernova explosion. Even more massive stars collapse to black holes without spectacular explosion (Heger et al. 2003) . These events are thought to correspond to the observed phenomena known as "failed supernovae", in which sudden brightening occurs as in the early stage of a supernova, but then does not develop to full supernova luminosity (Adams et al. 2017) . Hence stellar-mass black holes should be ubiquitous. Population statistics of these stellar-mass black holes in our Galaxy may be estimated with a reasonable initial mass function, a star formation rate, and using assumptions of the density structure of the Galaxy. Though the uncertainty is large, it is estimated that more than 100 million black holes reside in our Galaxy (Brown & Bethe 1994; Mashian & Loeb 2017; Breivik et al. 2017; Lamberts et al. 2018; Yalinewich et al. 2018; Yamaguchi et al. 2018) .
Since black holes emit no light, there is no way to see them directly. However, if a black hole is in a close binary system with an ordinary star, its presence can manifest itself in X-ray emission as follows: Sometimes the black hole swallows gas from the companion star. As this gas swirls around the black hole, a huge amount of potential energy is liberated, ultimately emitting X-rays that are detectable from space. However, X-ray binaries are not limited to systems containing a black hole. In general, they are close binaries composed of a compact object, either a neutron star or a black hole, which is accreting mass from a companion donor star. Spectroscopic radial velocity measurements of the optically visible donor star allow us to deduce the lower limit of the invisible compact object of the binary system, even if the latter is not visible itself. According to current theory, a neutron star more massive than 3 M is unstable and will collapse into a black hole. Therefore, a mass function that corresponds to a companion exceeding this critical mass is considered to be reliable evidence for a black hole. This is how stellar-mass black holes have so far been detected and confirmed (see reviews, e.g. Cowley 1992; Remillard & McClintock 2006; Casares & Jonker 2014, and references therein) . But more importantly, despite the aforementioned estimates of 10 8 black holes in our Galaxy, fewer than 20 stellar-mass black holes have so far been confirmed (Corral-Santana et al. 2016; Torres et al. 2019) . The X-ray emissions resulting from accretion may occur only in a close binary system. Hence, it is natural to expect quiescent stellar-mass black holes, without X-ray emission, in binary systems with large separations.
2 Black-hole X-ray binaries About one third of X-ray binaries are not persistently visible but are detected as transient sources. The Galactic stellar-mass black holes have so far been found, except for Cyg X-1, as transient X-ray sources in binaries with low-mass K or M dwarf counterparts (Tanaka & Shibazaki 1996) . Figure 1 shows the γ-ray light curve, obtained by the Burst Alert Telescope (BAT) on the Neil Gehrels Swift Observatory (Swift satellite) (Gehrels et al. 2004; Barthelmy et al. 2005) , of such a low-mass X-ray binary, a Ginga source GS 2023+338. Though the light curves are different from source to source, these systems are often called X-ray novae due to their X-ray brightening. The outbursts are caused by mass transfer instabilities in an accretion disc, which is fed by a low-mass dwarf star (Mineshige & Wheeler 1989) . During the γ-ray (and X-ray) burst in 2015, the optical counterpart known as V404 Cyg brightened by ∼ 6 mag in V band. Such optical outbursts, first notified as Nova Cygni 1938 by A. A. Wachmann, seem to be caused by reprocessing of X-ray photons in the accretion disk. In some other X-ray transients, the sudden optical brightening was also classified as a nova, like Nova Vel 1993 in the case of GRS 1009−45. The naming may be misleading, since the physical mechanism of these systems are different from that for classical novae, which are caused by a thermonuclear flash triggered by the accumulation of accreted gas on the surface of neutron stars. In the X-ray quiescent phase between outbursts of GS 2023+338, V404 Cyg is as faint as V ∼ 18 mag, and the optical source is the low-mass donor star itself , hence radial velocity measurements become possible and the orbital elements are deduced from them. The mass function giving the lower limit of the invisible compact object is determined by the orbital period P orb , the amplitude of radial velocity variation K opt and the eccentricity e: where M X and M opt denote the masses of the X-ray emitting, but optically invisible, compact object and of the optical counterpart, respectively, i is the inclination angle, and G is the gravitational constant. For V404 Cyg, the orbital period is 6.5 d, and the amplitude of (almost sinusoidal) radial velocity variation is ∼ 200 km s −1 , so the mass function is ∼ 6 M , giving a companion mass M X much larger than the critical mass for a neutron star. Hence, this binary system contains a stellar-mass black hole (Casares et al. 1992) .
Besides GS 2023+338, sixteen X-ray binaries have been confirmed, from spectroscopic radial velocities of the optical counterparts, to be composed of a late-type low mass star and a stellar-mass black hole. In addition, the presence of a stellar-mass black hole has been confirmed in Cyg X-1 whose optical counterpart is an early type star (Webster & Murdin 1972; Bolton 1972) . Its strong stellar winds are accreted by the black hole, producing X-ray emission. The binary properties of all of these Galactic black holes in the literature are listed in Table 1 (Corral-Santana et al. 2016 and references therein). For each X-ray binary system, the projected semi-major axis of the optical counterpart, in units of light-seconds, is plotted versus the orbital period in Fig. 2 , where both axes use a logarithmic scale. Here, the semi-major axis is
where c is the speed of the light. Systems of the same mass function would form a line with an inclination of 2/3. In the same diagram, some representative data for neutron-star X-ray binaries are plotted. As expected, most of the black-hole binaries (BHB) have a mass function larger than 1 M , while the neutron-star binaries (NSB) have substantially smaller values.
Since the low-mass star is tidally locked, the spin period is the same as the orbital period. Hence the rotation velocity and the orbital velocity are different only by the factor of the ratio of the size of the star and the size of the orbit. The star fills its Roche lobe, so the size of the star is the Roche lobe size. The Roche lobe size relative to the binary separation is determined by the mass ratio (Paczyński 1971) . Hence, the ratio of the rotation velocity to the orbital velocity gives the mass ratio. With a reasonable estimate for the mass of the low-mass star from its spectrum, the mass of the invisible object is thus observationally determined. The results taken from the literature are illustrated in Fig. 3 (Corral-Santana et al. 2016 and references therein). The X-ray objects with an estimated mass in the range of 1.5-3 M are neutron stars. The X-ray transient systems with an invisible object with a mass higher than 3 M are considered as the best signature of stellar-mass black holes.
X-ray binaries containing black holes are mostly distinguishable from those with neutron stars by their Xray spectrum. The former are characterised by an ultrasoft thermal component ( 1.2 keV), accompanied by a hard tail and seen after the flux reaches to the maximum, while the latter show a little bit harder (∼ a few keV) blackbody component, which is thought to be from the neutron star envelope, and a softer but still a bit harder component than the black-hole X-ray binaries, most probably from the accretion disk. Ultrasoft X-ray 3 Search for quiet black holes in single-lined spectroscopic binaries Quiescent black holes in wide binary systems could be found in radial velocity surveys by searching for singlelined systems with high mass functions. Such an attempt was first proposed by Guseinov & Zel'dovich (1966) , who selected seven plausible candidates in an attempt to detect "collapsed stars", as they were then called, before Wheeler (1968) popularized the terminology "black hole". Their attempt was later followed by Trimble & Thorne (1969) (see also Trimble & Thorne 2018) by using the sixth catalogue of the orbital elements of spectroscopic binary systems (Batten 1967 ). For each system, the mass of the primary star was estimated from its spectral type, and an approximate lower limit to the mass of the unseen companion was then calculated from the observed mass function. Trimble & Thorne (1969) listed 50 systems having an unseen secondary star more massive than the Chandrasekhar mass limit for a white dwarf. Figure 4 shows the distribution of spectroscopic binaries listed in the latest ninth catalogue of spectroscopic binary systems (Pourbaix et al. 2004) in the orbital period versus the semi-major axis plane. More than fifty systems are found to have a mass function larger than 1 M . However, in most cases, careful follow-up observations unveiled the presence of a fainter secondary star of larger mass (e.g. Stickland 1997) . A plausible scenario is that the primary was originally more massive than the secondary and it has evolved faster than the secondary. A substantial amount of mass loss in the red giant phase made the primary significantly less massive than the secondary, which is still in the main-sequence phase and relatively much fainter than the evolved primary. Generally, a larger and more homogeneous sample of main-sequence stars is favourable, however, such a sample has been difficult to procure in practice. Spectroscopic data have to be collected as time series covering the orbital phase of each binary system, often obtained one by one from ground-based observing sites with a large amount of observing time, often on large telescopes for fainter stars. This is the bottle-neck to binary studies.
Recently, two months after this conference, Thompson et al. (2019) reported their finding of a black holegiant star binary system, 2MASS J05215658+4359220, in multi-epoch radial velocity measurements acquired by the Apache Point Observatory Galactic Evolution Experiment (APOGEE) survey (Majewski et al. 2017) . The system was found to have a nearly circular orbit with the period P orb = 83.2 ± 0.06 d and the semi-amplitude K opt 44.6 ± 0.1 km s −1 . The mass function is then 0.766 ± 0.006 M . The photometric data show periodic variation with the same period as the radial velocity variation, implying spin-orbit synchronisation of the star. A combination of the measured projected spin velocity and the period leads to R opt sin i 23 ± 1 R , and the mass of the giant star is estimated to be M opt sin 2 i 4.4 +2.2 −1.5 M from this radius and the spectroscopically estimated log g. An independent combination of the apparent luminosity, the spectroscopically determined effective temperature and Gaia distance measurements gives R opt = 30 +9 −6 R , being consistent with the value based on the spin velocity. As a consequence, from the aforementioned mass function, the minimum mass of the unseen companion is estimated to be ∼ 2.9 M , marginally exceeding the critical mass for a neutron star. This is likely to be the first success of finding an X-ray quiet black hole lurking in a binary system, though within the uncertainties the companion could be a neutron star instead. , space-based photometry with extremely high precision over long time spans has led to a drastic change of the situation mentioned in the previous section, and has revolutionized our view of variability of stars. Some variability has been detected in almost all stars, and tens of thousands of pulsating stars were newly discovered, along with hundreds of eclipsing binaries (Kirk et al. 2016) . Kepler's four-year simultaneous monitoring of nearly 200 000 stars also opened a new window to a statistical study of binary stars and their orbits Murphy 2018; Shibahashi & Murphy 2019) . This pedigree will be further taken over by the ESA mission PLATO * .
Binary orbital motion causes a periodic variation in the path length of light travelling to us from a star. Hence, if the star is pulsating, the time delay manifests itself as a periodically varying phase shift in the form of the product with the intrinsic angular frequency (Shibahashi & Kurtz 2012; Shibahashi et al. 2015) . The light-arrival time delay is hence measurable by dividing the observed phase variation by the frequency (Murphy et al. 2014 ). In the past, the light-time effect on the observed times of maxima in luminosity, which vary over the orbit, was utilized to find unseen binary companions (the so-called O − C method; see, e.g. Sterken 2005 and other papers in those proceedings). Such a pulse timing method works well in the case of stars pulsating with a single mode, since the intensity maxima are easy to track and any deviations from precise periodicity are fairly easy to detect. However, when the pulsating star is multiperiodic as in the case of most objects observed from space, the situation is much more complex and measurement of the time delay by careful analysis of phase modulation is more suitable. Figure 5 shows a time delay curve calculated with Kepler data. The time delay curve immediately provides us with qualitative information about the orbit Murphy et al. 2016) . Murphy et al. (2018) applied this technique to all targets in the original Kepler field with effective temperatures ranging from 6600 to 10000 K and discovered 341 new binary systems containing δ Scuti stars (mainsequence A stars pulsating in pressure modes). Importantly, many of these binaries would not have been detectable by other techniques, because A stars are often rapid rotators (Royer et al. 2007 ), making spectroscopic radial velocities difficult to obtain. Using space-based photometry to measure the phase modulation of pulsating stars is a very efficient way to create a homogeneous sample of binary systems. Indeed, these asteroseismically detected binaries tripled the number of intermediate-mass binaries with full orbital solutions, and importantly, provided a homogeneous dataset for statistical analysis.
The newly detected binaries are plotted in the (P orb -a 1 sin i/c)-diagram shown as Fig. 6 , together with, for comparison, the black-hole X-ray binaries listed in Table 1 and 162 spectroscopic binaries listed in the ninth catalogue of spectroscopic binaries with primary stars of similar spectral type (A0-F5). Only systems with full orbital solutions with uncertainties were selected. Some remarks should be given here. Binaries with orbital periods shorter than 20 d were not found by the asteroseismic method. This is because the light curve is divided into short segments, such as 10 d, in order to measure the phases of pulsation modes of close frequencies. It is then unfavourable to deal with binary stars with orbital periods shorter than the segment size dividing the observational time span, which is typically ∼10 d. With short-period binaries also having smaller orbits (hence smaller light travel times), the binaries with periods in the range of 20-100 d are difficult to detect by the asteroseismic method and the sample in this period range must be considerably incomplete. It is also in this period range that binaries are most likely to eclipse, and eclipsing binaries were removed from the asteroseismic sample so as to avoid biasing the detection ).
The mass range of δ Scuti type stars used by Murphy et al. (2018) is 1.8 ± 0.3 M . Hence the systems having a mass function larger than ∼ 1 M are thought to have a binary counterpart more massive than the neutron-star mass threshold, ∼ 3 M and they may be regarded as systems containing a stellar-mass black hole. As seen in Fig. 6 , several systems with large mass functions have been found. Those with a mass function larger than 1 M are listed in Table 2 . However, the seemingly massive secondary could be double or multiple itself, rendering each component less massive and fainter than expected. Indeed some systems with large mass functions were eventually found to be triples via follow-up with ground-based radial velocity observations made by Holger Lehman, Simon Murphy and their many collaborators (in preparation). In some other cases with a highly eccentric orbit, the radial velocity observations clarified that the amplitude of phase modulation was simply overestimated (see Fig. 7 ). Nevertheless, there still remain a few systems that are found to be single-line spectroscopic binary with large mass functions. They could be systems with a massive white dwarf or a neutron star. Further detailed observations are required before definitely concluding. Fig. 7 : An example of systems with a highly eccentric orbit, about which the radial velocity observations clarified that the amplitude of phase modulation was simply overestimated.
Self-lensing black-hole binaries
In the case of an edge-on black-hole binary system, whose orbital axis is perpendicular to the line-of-sight, evidence for a lurking black hole would be available in addition to its large mass function. At superior conjunction when the optical companion passes behind the black hole, contrary to the case of an ordinary eclipsing binary, a luminosity brightening is induced by the gravitational microlensing (Einstein 1936; Leibovitz & Hube 1971; Maeder 1973) . In a general case, the characteristic size of this lens, called the Einstein radius R E , is given by
with the notation described in Gould (2000) , where G is the gravitational constant, M BH is the mass of the black hole, and d S and d L denote the distance to the source and that to the lens, respectively. For the present case, d S = d L + a(1 − e 2 )/(1 − e sin opt ), where a := a opt + a BH is the summation of the semi-major axes of the two components and opt is the argument of the periapsis of the optical companion. This is as small as a few percent of one solar radius, so the geometry for the lensing is very restricted to the edge-on case. The tangential velocity of the optical component, relative to the black hole, at the superior conjunction is
The timescale for the star to traverse the lens, called the Einstein time, is then given by (5.4) where q := M BH /M opt . The duration of the lensing event is only of the order of 10 minutes. Luminosity brightening repeats every superior conjunction, i.e. once per orbital period. Similar self-lensing systems with white dwarfs have so far been found for five cases (Kruse & Agol 2014; Kawahara et al. 2018; Masuda & Hotokezaka 2019) , so the probability to detect such a rare, but physically important event is not necessarily hopeless.
Theoretical light curves (magnification versus time) of a microlensing event are illustrated in Fig. 8 for four values of the impact parameter, which is a small offset of the path of the star from the centre of the lens during the conjunction. Time is in units of the Einstein time.
Search for quiet black holes by astrometry
Another promising method of finding quiet black-hole binaries is with Gaia astrometry, which is extremely sensitive to non-linear proper motions of astrometric binaries with periods in the range 0.03 to 30 years. Target stars are not restricted to pulsating stars. Gaia is expected to detect "approximately 60 per cent of the estimated 10 million binaries down to 20 mag closer than 250 pc to the Sun" † . Like a simulation illustrated in Fig. 9 , the orbital motion in each astrometric binary system can be seen directly, hence the orbital elements and then mass functions are determined. Gaia simultaneously carries out spectroscopic observations, though not for all stars. If the target has spectroscopy, then the mass of the star is independently estimated once its temperature is spectrosocpically determined. If one component is unseen, its mass is deduced from the mass function and the spectroscopic mass of the optical counterpart. The unseen single companion should be either a white dwarf, a neutron star, or a black hole, depending on its mass. 
Summary
In summary,
• X-ray quiet BHBs are expected to be present.
• Searching for X-ray quiet BHBs is challenging, but worth pursuing.
• Space-based asteroseismology and the measurements of light-arrival time delays opened a new window to binary statistics.
• Binary systems with unseen companions and high mass functions could result from the secondary being a black hole.
• Self-lensing BHBs are expected to show periodic brightening.
• Space-based astrometry also opens another window to binary statistics.
